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Abstract

This is a working document for sv-ac subcommittee. It presents some definitions of vacuity
for temporal logic that are applicable to linear-time logics (taken from literature on the
subject). The aim is to (a) asses if we are really ready to provide a formal definition of
vacuity in the LRM, in view of the fact that there is no consensus in the literature on what
the right definition of vacuity is; and (b) if we decide to include a definition on vacuity, we
should be aware of the attempts of doing so this far.

Notations

In this document we useD for a design, i.e. a finite state machine that could be
written in some hardware description language, e.g. SystemVerilog. We usef, g
andh for temporal logicformulas, e.g. expressions written in some temporal logic,
e.g. SVA. We assume a setP of atomic propositions, usuallyP is the set of in-
put/output/internal/auxiliary signals of a design. We useΣ to abbreviate2P . Thus
Σ holds all possible valuations of the design signals.Σ is referred to as thealphabet.
We usew, u, v to denote finite/infinitewordsoverΣ. Such words usually represents
computations/trances of a design or prefixes of their of. Fora temporal logic for-
mulaf and a wordw we usew |= f to denote thatf holdson w (equivalently,w
satisfiesf). We use the termpropertyto refer to a set of finite/infinite words. Thus
a formulaf defines a property — the set{w | w |= f} of words satisfying it. Since
our attention is focused on linear time logics, we can regardD as a set of words
overΣ, and useD |= f to denote thatf holds on every wordw ∈ D. In which case
we say thatD satisfiesf (equivalently, thatf holdsonD).

1 Formula Vacuity [2],[6]

The first definition for vacuity was proposed in [2]. According to their definition,
formulaf is said to bevacuousin a designD if D |= f, and there exists a sub-
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formula g of f that does not affect the value off in D. A sub-formulag of f
does not affectf in D iff for every formulah, D |= f iff D |= f[g ← h] where
f[g ← h] is obtained by replacing the sub-formulag in f with h. In [6] it was
shown that it is enough to replace the subformulag with true andfalse — if
D |= f[g← false] iff D |= f[g← true] theng does not affectf in M . 1

Examples

1. always (req implies s eventually grant)
− This formula holds vacuously ifreq always holds (in this cases eventually grant

does not affect)
− This formula holds vacuously ifs eventually grant always holds (in

this casereq does not affect)
2. req or s eventually grant
− This formula holds vacuously ifreq holds now (in this cases eventually grant

does not affect)
− This formula holds vacuously ifs eventually grant holds now (in this

casereq does not affect)
3. busy s until ack
− This formula holds vacuously ifack holds now (in this casebusy does not

affect)
4. busy until ack
− This formula holds vacuously ifack holds now (in this casebusy does not

affect)
− This formula holds vacuously ifbusy always holds (in this caseack does

not affect)

2 Trace Vacuity [1]

In [1] it was argued that the definition of [2,6] is not suited for formulas with multi-
ple occurrences of subformulas. They showed that for such formulas the definition
of [2,6] is sensitive to changes in the design that do not relate to the formula as well
as to changes in the specification language.

To see the sensitivity with respect to the design, consider the formulaf = p implies
s nexttime p and the designsD1 andD2 in the figure below. The formulaf
holds on both. Note thatD2 is an extension ofD1 with a new propositionq that is
independent on the the behavior ofp. Thus we expect a formula that relates only to
p to have the same vacuous result on bothD1 andD2. However, according to [2]p

1 As will be discussed below, this is true only for sub-formulathat occur only once inf,
or to replacing a single occurrence of the sub-formula.
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does not affectf in D1, yet it does affectf in D2 sinceD2 |=/ f[p← q]. Thusf is
vacuous on the designD1 but not onD2.

pD1 : p, qD2 : p pD3 : q

To see the sensitivity with respect to the specification language, consider the for-
mulah = s nexttime q → s nexttime s nexttime q and the designD3

of the figure above. The formulaf holds onD3. Moreover, for any formulag of
LTL the formulah[q ← g] holds onD3 as well. However, if we consider an ex-
tension of LTL with the previous operator$past() this is no longer true. This is
sinceD3 |=/ h[q← $past(p)]. Thush holds vacuously when considering LTL as
the specification language but holds non-vacuously when thespecification is LTL
extended with$past().

To overcome these unwanted sensitivities they propose to define vacuity using a
trace assignment to a fresh proposition. Formally, they define that a subformulag
does not affectformulaf in M iff ∀x. f[g ← x] where∀x checksx with respect
to all possible trace assignmentsτx : N 7→ {true,false}.

Under this definitionf holds non-vacuously on bothD1 andD2 (since e.g. un-
der the trace assignmentτx(n) = true iff n ≤ 4 we haveD1 |=/f[p ← x]
thus D1 |=/ ∀x.f[p ← x] and similarly forD2). And h holds non-vacuously on
D3 whether the specification is LTL or LTL extended with$past.

3 Parameterized Vacuity [7,8]

In [7] it was argued that intuitively a formula is vacuously satisfied if there is a
subformula of it that can be strengthened without affectingthe truth value. This
work was motivated by a question Pnueli asked in CAV97 where [2] was pre-
sented. Pnueli observed that the formulaalways s eventually p will hold
non-vacuously on a designD wherealways p holds (sinces eventually p
affects the truth value ofalways s eventually p in D). Another example
is the formulas nexttime s eventually p which is trivially satisfied in a
design where the stronger formulas nexttime p holds. In [7] it is proposed to
check vacuity with respect to a set of vacuity grounds the user has defined. In [8]
it is proposed to check for vacuity with respect to grounds upto a given size, and
to try to find interesting grounds using several heuristics.A first step in providing
a systematic way to find a strongest formula that satisfies thedesign is taken in [5]
which uses lattice automata for the task.
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4 Temporal Antecedent Failure [3]

In [4] it is argued that in many cases vacuities detected according to existing def-
initions are not considered a problem by the verifier of the system. For example,
consider the formulaf = always (req implies (s eventually ack)),
and a design is in whichack is given whenever the system is ready. Thus, if the sys-
tem behaves correctly, it infinitely often gets into a “ready” state, and the formula
s eventually ack always holds. Accordingly, by [2,6,1],f holds vacuously in
the design (sincereq does not affect the truth value off in the design), although
no real problem exists.

To overcome this it was proposed in [3] to focus on a certain type of vacuity, that
according to experience is always considered a problem by the verifier. The pro-
posed definition is termedTemporal Antecedent Failure (TAF)and it carries with it
an efficient algorithm for both detecting TAF, and finding itsreason.

A property may suffer from TAF if it can be characterized by a formula oftemporal
implication form, that is a formula of the formalways (f implies g) where
f is a past formula andg is a future formula. Loosely speaking, a formula is a
past formula if it does not refer to the strict future. A formula is a future formula
if it does not refer to the strict past. In SVA we can characterize such properties by
always (S |-> f) whereS is sequence andf is a future formula.

1. always (a ##1 b[*1:$] ##1 c) |=> s eventually grant)
− This formula suffers from TAF if the sequence(a ##1 b[*1:$] ##1 c)

is never matched.
− The reasons could be eithera (if it never occurs) orb (if it never follows ana)

or c (if it never follows a sequence matching(a ##1 b[*1:$]).
2. always (req implies s eventually grant)
− This formula suffers from TAF ifreq never holds (in this casereq is the

reason
− This formula does not suffer from TAF ifs eventually grant always

holds.
3. always (!req or s eventually grant)
− This formula suffers from TAF ifreq never holds (in this casereq is the

reason
− This formula does not suffer from TAF ifs eventually grant always

holds.
4. always

((req and s nexttime req and s nexttime s nexttime req)
implies (s nexttime grant))

− This formula does not suffer from TAF since the requirement is expected be-
fore the evaluation of the antecedent is completed.

5. always
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((req and s nexttime req and s nexttime s nexttime req)
implies (s nexttime s nexttime grant))

− This formula suffers from TAF if(req[*3]) is never matched, since it can
be expressed asalways (req[*3] |-> grant).
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