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Abstract

This is a working document for sv-ac subcommittee. It presseome definitions of vacuity
for temporal logic that are applicable to linear-time I@gitaken from literature on the
subject). The aim is to (a) asses if we are really ready toigeoa formal definition of
vacuity in the LRM, in view of the fact that there is no consens the literature on what
the right definition of vacuity is; and (b) if we decide to indke a definition on vacuity, we
should be aware of the attempts of doing so this far.

Notations

In this document we us® for a design i.e. a finite state machine that could be
written in some hardware description language, e.g. Syéeing. We usef |, g
andh for temporal logidormulas e.g. expressions written in some temporal logic,
e.g. SVA. We assume a sét of atomic propositionsusually P is the set of in-
put/output/internal/auxiliary signals of a design. We st abbreviate”. Thus

Y holds all possible valuations of the design signals referred to as thalphabet
We usew, u, v to denote finite/infinitevordsoverX:. Such words usually represents
computations/trances of a design or prefixes of their of.&F@mporal logic for-
mulaf and a wordw we usew |~ f to denote that holdsonw (equivalently,w
satisfied ). We use the terrpropertyto refer to a set of finite/infinite words. Thus
aformulaf defines a property — the st | w = f } of words satisfying it. Since
our attention is focused on linear time logics, we can redarals a set of words
overy, and useéD |~ f to denote that holds on every wordy € D. In which case
we say thatD satisfied (equivalently, that holdson D).

1 Formula Vacuity [2],[6]

The first definition for vacuity was proposed in [2]. Accorgdito their definition,
formulaf is said to bevacuousn a designD if D = f, and there exists a sub-
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formulag of f that does not affect the value 6fin D. A sub-formulag of f

does not affect in D iff for every formulah, D = f iff D = f [g < h] where
f [0 < h] is obtained by replacing the sub-formwdan f with h. In [6] it was
shown that it is enough to replace the subformgilaith t r ue andf al se — if
D =flg « fal se]iff D =f[g < true]theng does not affect in M.!

Examples

1. always (req inplies s_eventually grant)
— This formula holds vacuouslyifeq always holds (in thiscaseevent ual | y grant
does not affect)
— This formula holds vacuously g_event ual | y grant always holds (in
this case eq does not affect)
2. req or s_eventually grant
— This formula holds vacuouslyifeq holds now (in this case event ual | y gr ant
does not affect)
— This formula holds vacuously § event ual | y grant holds now (in this
caser eq does not affect)
3. busy s_until ack
— This formula holds vacuously &ck holds now (in this caskusy does not
affect)
4. busy until ack
— This formula holds vacuously &ck holds now (in this casbusy does not
affect)
— This formula holds vacuously Busy always holds (in this caseck does
not affect)

2 Trace Vacuity [1]

In [1] it was argued that the definition of [2,6] is not suited formulas with multi-

ple occurrences of subformulas. They showed that for suchuias the definition
of [2,6] is sensitive to changes in the design that do notedtathe formula as well
as to changes in the specification language.

To see the sensitivity with respect to the design, consigefdrmulaf = p i npl i es
s_nexttime p and the design®, and D in the figure below. The formuléa
holds on both. Note thaD is an extension oD; with a new propositiom that is
independent on the the behaviomfThus we expect a formula that relates only to
p to have the same vacuous result on bbthand D,. However, according to [}

L As will be discussed below, this is true only for sub-formtiiat occur only once if,
or to replacing a single occurrence of the sub-formula.



does not affect in Dy, yet it does affect in D, sinceD, Hf [p <+ q]. Thusf is
vacuous on the desigi; but not onD..

O OOIEN G

To see the sensitivity with respect to the specification Uegg, consider the for-
mulah =s_nexttinmeq — s_nexttines_nexttinme gandthe desigi;

of the figure above. The formufa holds onD3. Moreover, for any formulag of
LTL the formulah[q < g] holds onDs as well. However, if we consider an ex-
tension of LTL with the previous operat@past () this is no longer true. This is
sinceD; Hh[q < $past ( p) |. Thush holds vacuously when considering LTL as
the specification language but holds non-vacuously wheskeification is LTL
extended wittBpast ().

To overcome these unwanted sensitivities they proposeftoedeacuity using a
trace assignment to a fresh proposition. Formally, theyndefiat a subformulg
does not affectormulaf in M iff Vz. f [g < 2] whereVx checksz with respect
to all possible trace assignments: N — {true,f al se}.

Under this definitionf holds non-vacuously on botk; and D, (since e.g. un-
der the trace assignmenf(n) = true iff n < 4 we haveD, Ff [p «— z]
thus D, £Va.f [p < x| and similarly for D;). And h holds non-vacuously on
D5 whether the specification is LTL or LTL extended witpast .

3 Parameterized Vacuity [7,8]

In [7] it was argued that intuitively a formula is vacuoushtisfied if there is a
subformula of it that can be strengthened without affectimg truth value. This
work was motivated by a question Pnueli asked in CAV97 wheienas pre-
sented. Pnueli observed that the formalavays s_eventual | y p will hold
non-vacuously on a design whereal ways p holds (sinces_eventual |y p
affects the truth value odl ways s_eventual |y p in D). Another example
is the formulas _nextti me s_eventual | y p which is trivially satisfied in a
design where the stronger formwdanext t i me p holds. In [7] it is proposed to
check vacuity with respect to a set of vacuity grounds the hae defined. In [8]
it is proposed to check for vacuity with respect to ground$aip given size, and
to try to find interesting grounds using several heuristicirst step in providing
a systematic way to find a strongest formula that satisfiedésign is taken in [5]
which uses lattice automata for the task.



4 Temporal Antecedent Failure [3]

In [4] it is argued that in many cases vacuities detectedrdatg to existing def-
initions are not considered a problem by the verifier of th&tey. For example,
consider the formuld = al ways (req inplies (s_eventually ack)),

and a designis in whicack is given whenever the system is ready. Thus, if the sys-
tem behaves correctly, it infinitely often gets into a “readate, and the formula
s_event ual | y ack always holds. Accordingly, by [2,6,1f], holds vacuously in
the design (sinceeq does not affect the truth value dfin the design), although
no real problem exists.

To overcome this it was proposed in [3] to focus on a certgie tyf vacuity, that
according to experience is always considered a problem éyéhifier. The pro-
posed definition is termetemporal Antecedent Failure (TABd it carries with it
an efficient algorithm for both detecting TAF, and findingrggson.

A property may suffer from TAF if it can be characterized byenula oftemporal
implication form that is a formula of the formal ways (f i nplies g)where

f is a past formula and is a future formula. Loosely speaking, a formula is a
past formula if it does not refer to the strict future. A foraus a future formula

if it does not refer to the strict past. In SVA we can charazeesuch properties by
al ways (S | -> f) whereSis sequence anfdis a future formula.

1. al ways (a ##1 b[+1:3] ##1 c) |=> s_eventually grant)
— This formula suffers from TAF if the sequenta ##1 b[*1:$] ##1 c)
IS never matched.
— The reasons could be eithe(if it never occurs) ob (if it never follows ana)
or c (if it never follows a sequence matchigg@ ##1 b[*1: $]).
2. always (req inplies s_eventually grant)
— This formula suffers from TAF if eq never holds (in this caseeq is the
reason
— This formula does not suffer from TAF §_event ual | y gr ant always
holds.
3. always (!req or s_eventually grant)
— This formula suffers from TAF if eq never holds (in this caseeq is the
reason
— This formula does not suffer from TAF §_event ual | y gr ant always
holds.
4. al ways
((req and s_nexttine req and s_nexttinme s_nexttime req)
inplies (s_.nexttinme grant))
— This formula does not suffer from TAF since the requiremsrexpected be-
fore the evaluation of the antecedent is completed.
5. al ways



((req and s_nexttime req and s_nexttine s_nexttinme req)
inplies (s_nexttinme s_nexttinme grant))
— This formula suffers from TAF i r eq[ * 3] ) is never matched, since it can
be expressed ad ways (req[*3] |-> grant).
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